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In quantum metrology schemes, one generally needs to prepare m copies of N entangled particles, such as
entangled photon states, and then they are detected in a destructive process to estimate an unknown parameter.
Here, we present a novel experimental scheme for estimating this parameter by using repeated indirect quantum
nondemolition measurements in the setup called “photon box”. This interaction-based scheme is able to achieve
the phase sensitivity scaling as 1/N with a Fock state of N photons. Moreover, we only need to prepare one
initialN -photon state and it can be used repetitively for m trials of measurements. This new scheme is shown to
sustain the quantum advantage for a much longer time than the damping time of Fock state and be more robust
than the common strategy with exotic entangled states. To overcome the 2pi/N periodic error in the estimation
of the true parameter, we can employ a cascaded strategy by adding a real-time feedback interferometric layout.
PACS numbers: 06.20.-f, 03.65.Wj, 42.50.Dv, 42.50.Pq
I. INTRODUCTION
Quantum parameter estimation, the emerging field of quan-
tum technology, aims to use entanglement and other quantum
resources to yield higher statistical precision of a parameter θ
than purely classical approaches [1, 2]. The precision of esti-
mation of θ will depend on the available resources used in the
measurement. It has been shown that standard quantum limit
(SQL) or called shot noise limit scaling as δθ ≃ 1/√Ntot with
Ntot the number of particles can be surpassed by using coher-
ent light with squeezed vacuum [3]. It is also commonly con-
sidered that using non-Gaussian states like NOON states [4]
and quantum entanglement allows one to achieve a sub-shot
noise accuracy. Heisenberg limit scaling as δθ ≃ 1/Ntot is
the ultimate limit set by quantum mechanics. Recently, some
works [5–7] have shown that, without prior information, sub-
Heisenberg estimation strategies are ineffective. There are
also some papers showing that the Heisenberg limit can be
saturated without the use of any exotic quantum entangled
states [8, 9]. Interferometric strategies with nonlinear phase
encoding are investigated in Refs. [10, 11]. Practical quantum
metrology considering the impact of noise has been consid-
ered and studied in Refs. [12–14]. The technique of quan-
tum parameter estimation figures in several metrology plat-
forms, including optical interferometry [15–18], atomic sys-
tems [19, 20], and Bose-Einstein condensates [21–26]. In
addition, it is at the heart of many modern technologies and
researches, such as quantum clock synchronization [27, 28],
quantum imaging [29], and gravitational wave observation
[30].
General parameter estimation procedure can be divided into
three distinct sections: probe preparations, interaction be-
tween the probe and the system, and the probe readouts [2].
These three sections will be repeated many times before the
final construction of the estimation of θ. Most of the quan-
tum parameter estimation strategies require preparation of m
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copies of entangled states (m is large enough). However,
these states are extremely difficult to generate and fragile to
the impact of decoherence. Therefore, the method of quan-
tum nondemolition (QND) measurements [31] initially with
entanglement-free states may be a suitable and practical way
to overcome these challenges. The QND measurements dat-
ing back to as early as the 1920s realize ideal projective mea-
surements that leave the system in an eigenstate of the mea-
sured observable [32]. With these ideal projective measure-
ments performed on an initial coherent state, Fock states and
“Schro¨dinger cat” states can be prepared and reconstructed
[33]. Moreover, with appropriate feedback loops, it is pos-
sible to prepare on demand photon states and subsequently
reverses the effects of decoherence [34]. With these merits,
we can foresee the widespread applications of this techniques
in quantum information and quantum metrology.
In this paper, we present a practical proposal for realiz-
ing quantum parameter estimation in “photon box” [35–38]
via QND measurements. We show that, with single-mode
Fock state of N photons in the “photon box”, this proposal
can estimate the parameter θ within a scaling of 1/N . Un-
like other quantum metrology strategies, our proposal has this
advantage-the state of photons can be used circularly. Thus,
our scheme performs better than the strategy with NOON state
when the total resource is taken into consideration. We also
investigate our QND metrology scheme with cavity damping.
It is shown that our scheme can sustain the quantum advan-
tage for a longer time than the damping time of Fock state and
is more robust than the interferometric strategy with exotic
entangled states. An improved cascaded estimation scheme
is also proposed by adding a real-time feedback interferomet-
ric layout [34], with which the common 2pi/N periodic error
can be handled. The experimental feasibility of our proposals
can be justified with current laboratory parameters [37]. We
also discuss the possible applications of our QND metrology
scheme.
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FIG. 1. (color online). Setup and experimental sequence. (a) The
cavity QED Ramsey interferometer for phase estimation. The Ryd-
berg atoms, prepared in state | ↑z〉, are generated in the atom source
S. The interaction between the Rydberg atoms and microwave pulse
in auxiliary cavities R1 and R2 perform Hadamard gate operation.
The unknown parameter is imprinted by the interaction of the atom
and the superconducting cavity C. After crossing the R1-C-R2 inter-
ferometric arrangement, the states of atoms are detected in the de-
tector D. (b) Diagram for our sequential strategy. m probe atoms
are used. The Fock state of photons in C stays unchanged after each
QND measurement.
II. PARAMETER ESTIMATION VIA QND
MEASUREMENTS IN “PHOTON BOX”
In our QND metrology proposal, the experimental setup is
similar to the one discussed in Refs. [35–38] and is shown in
Fig. 1(a). The core of this setup is a “photon box”, which
is an open high Q cavity C made up of two superconducting
mirrors facing each other (Fabry-Pe´rot configuration). QND
probe atoms, generated form the atomic resource S, are pre-
pared in circular Rydberg states and travel along the trans-
verse direction of the cavity axis. The atoms cross the cav-
ity C sandwiched between two auxiliary low Q cavities R1
and R2 before being detected in the detector D. The R1-C-R2
structure can be regarded as a Ramsey interferometry. The mi-
crowave field stored in the cavity C is with frequency ωC/2pi.
The atomic frequency is ω/2pi and is detuned from the cavity
mode by δ/2pi (δ = ωC − ω).
Suppose that the state of photons in the cavity C is in a
superposition of Fock states with different photon numbers
|ψ〉S =
∑
n cn|n〉. One Rydberg atom is prepared in states|ϕ〉P = | ↑z〉; and afterwards, for simplicity, we replace | ↑z〉
and | ↓z〉 with |0〉 and |1〉. Both pulses in Ramsey cavities
R1 and R2 are acting as an Hadamard operation on each atom
which is written as H = (11 1−1)/
√
2 and transforms |0〉 and
|1〉 to |+〉 = (|0〉 + |1〉)/√2 and |−〉 = (|0〉 − |1〉)/√2, re-
spectively. The interaction between the probe atom and pho-
tons contains an unknown parameter θ (see Appendix A for
details) and can be expressed as a unitary operator: [38, 39]
UˆSP (θ) = exp [iθ(nˆS + 1/2)σˆ
z
P/2] to the lowest order for
small θ, where nˆS is the photon number operator in the cav-
ity C and σˆzP = (10 0−1) is the Pauli operator. The final state
of photons and one probe atom after the probe atom passing
through the R1-C-R2 is expressed as
|Φf 〉SP = HP UˆSP (θ)HP |ψ〉S |ϕ〉P . (1)
We then perform the σˆz measurement on the atom in the
detector, and the output is i = 1 or −1 with probability
p(i|θ) =∑n cn cos2[(n+ 1/2)θ/2 + (i − 1)pi/4]. Then, the
photon state in C is affected by this measure due to different
outputs:
|ψ(i|θ)〉S =
∑
n
cn cos[(n+ 1/2)θ/2 + (i − 1)pi/4]√
p(i|θ) |n〉S .
(2)
It is easy to verify that [σˆzP ,HP UˆSP (θ)HP ]|0〉P = 0, which
is the general necessary and sufficient condition [31] that the
QND probe must satisfy.
Next, we present the experimental procedure for estimating
a parameter, see Fig. 1(b). We consider that the state of pho-
tons in the cavity is prepared as a Fock state of N photons,
cn = δn,N . Although generating a single mode Fock state
of N photons in the cavity C is a challenging task, it seems
nowadays experimentally available [38]. A general theoretic
review of this method is given in Appendix B. It is also possi-
ble to prepare and lock the field to on-demand photon number
states by the real-time quantum feedback techniques reported
in Refs. [34, 40]. Preparing the single-mode number squeez-
ing state is also helpful and urgent for ultrasensitive two-mode
interferometry [41]. It is easy to verify that, after the QND
measurements procedure discussed above, a Fock state stays
unchanged [42].
Because 〈σz〉 = cos[(N + 1/2)θ], the parameter θ can be
estimated from the readouts of σz measurements performed
on a sequence of probe atoms interacting with the light in C.
For each probe, the probability for the readout i = 1 or −1 is
p(i|θ) = cos2[(N +1/2)θ/2+(i−1)pi/4]. With the assump-
tion that the estimation is asymptotically unbiased, we can
utilize Fisher information (FI) Fθ =
∑
i p(i|θ)[∂θ ln p(i|θ)]2
and Crame´r-Rao bound δθ = 1/(
√
mFθ) [2] to calculate
the statistical precision of the estimation. FI is calculated as
Fθ = (N + 1/2)2 which leads to a lower bound:
δθ ≥ 1√
m(N + 1/2)
. (3)
Therefore, by using this QND metrology technique, our pro-
posal is able to achieve the 1/N scaling accuracy of parameter
estimate with only one initialN -photon Fock state form trials
of measurements.
The advantages of this QND metrology strategy are: the
initial photon state is entanglement-free state which is more
robust than the exotic states (e.g. NOON states), and the Fock
state stays unchanged after QND measurements and can be
used repeatedly. Technically, for our scheme, the total re-
source can be written as Ntot = N + m ∼ m for a suffi-
ciently large m, and the lower bound is expressed as δθ &
1/(N
√
Ntot). When m copies of NOON states are used to
achieve the same accuracy, the total resource are Ntot = mN
and the lower bound is δθen & 1/
√
NNtot. Although both
strategies do not achieve the Heisenberg limit 1/Ntot, given
3the same total resources, our scheme gives 1/
√
N advantage
compared with the strategy using NOON states and 1/N ad-
vantage over SQL 1/√Ntot.
III. FEASIBILITY ANALYSIS IN THE REAL
EXPERIMENT
Since the Bohr-Einstein photon box thought experiment,
experiments with circular Rydberg atoms and Fabry-Pe´rot
have become closest to this goal. They have also led to fun-
damental tests of quantum theory and various demonstrations
of quantum information procedures [37]. Here, based on the
developments and advances made in the cavity quantum elec-
trodynamics in the microwave domain, we discuss the feasi-
bility of our QND metrology scheme using current laboratory
parameters.
It is reported in Ref. [43] an ultrahigh finesse Fabry-Pe´rot
resonator ωC/2pi = 51.099 GHz with cavity damping time
TC = 0.130± 0.004 s and cavity quality factor Q = 4.174×
1010 at 0.8 K (mean number of blackbody photons nb =
0.05). The damping rate is given as ΓC = 1/TC = ωC/Q.
In Ref. [40], Rydberg atoms are prepared by a pulsed process
repeated at τa = 82 µs time intervals with selected atomic
velocity v = 250 m/s. For m trials of measurement, the total
time is t = mτa and the photon-loss intensity in the cavity
is written as η(t) = 1 − exp(−ΓCt). In fact, if we shorten
the interval τa, the number of measurement m can be large
with a low photon-loss intensity. This long damping time and
QND detection technique can stabilize the Fock state in the
cavity C and make our metrology scheme practicable. In the
next section, we will discuss the effect of cavity damping in
detail. The technologies of other experimental procedures,
such as generation of Rydberg atoms and polarizing measure-
ment on the atoms, should be feasible and mature referring to
Ref. [37].
IV. QND METROLOGY WITH CAVITY DAMPING
The quantum metrological bounds in noisy systems have
become a focus of attentions because in real experiments there
will always be some degree of noise and limitation. The
Fock state prepared in the cavity C mainly suffers from cavity
damping. Given a certain the damping rate ΓC, the interaction
picture of reduced density operator for the field in the cavity
C under the Born-Markov obeys the master equation [44]:
ρ˙S =− ΓCnb(aˆaˆ†ρS − 2aˆ†ρS aˆ+ ρSaa†)/2
− ΓC(nb + 1)(aˆ†aˆρS − 2aˆρS aˆ† + ρS aˆ†aˆ)/2, (4)
where aˆ (aˆ†) is the annihilation (creation) operator for field
in cavity. Considering the radiation field with a reservoir at
nearly zero temperature nb ≪ 1, we approximately express
the density operator for the field by the well-known photon
loss model: ρS =
∑N
k=0(
N
k )(1− η)kηN−k|k〉S〈k|.
The initial probe state is still prepared as ρP = |0〉P 〈0|.
The density operator form of the final state can be written as
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FIG. 2. (color online). The photon number for the field in cavity
C is set as N = 8 and cavity damping time is TC = 0.130 s. (a)
Probability p(0|θ) against parameter θ for η = 0, 0.1 and 0.2. (b) FI
and QFI against parameter θ for η = 0, 0.1 and 0.2. (c) The decay of
the optimal QFI Fo compared with the decay of Fock state. (d) The
average QFI Fa compared with the optimal QFI Fo against number
of measurements m with measurement interval τa = 82 µs.
ρfSP = HPUSPHPρS ⊗ ρPHPU †SPHP and the final reduced
state for probe atom is
ρfP =
1
2
(
1 + rN cos(Nϕ) −irN sin (Nϕ)
irN sin (Nϕ) 1− rN cos(Nϕ)
)
(5)
where we set r2 = 1 − 4η(1 − η) sin2 θ2 and ϕ = θ2N +
arctan (1−η) sin θη+(1−η) cos θ . Then we perform the σˆ
z measurement
on the atom and obtain the results 0 and 1 with proba-
bilities p(0, 1|θ) = [1 ± rN cos(Nϕ)]/2. Given photon
number N = 8, p(0|θ) is shown in Fig. 2(a) for differ-
ent values of lossy intensities. We can therefore calcu-
late FI as Fθ = {∂θ[rN cos(Nϕ)]}2/[1− r2N cos2(Nϕ)]
where we have used ∂θr = −η(1− η) sin θ/r and ∂θϕ =
η(1−η) cos θ+(1−η)2
[η+(1−η) cos θ]2+sin2 θ(1−η)2 +
1
2N . For N = 8, FI is θ depen-
dent for a nonzero η, see Fig. 2(b).
By choosing the optimal measurement, we can obtain the
maximum FI which is also called quantum Fisher information
(QFI). Given the spectral decomposition of final reduced state
for probe atom, ρfP =
∑
i pi|i〉〈i|, QFI can be written with
condition pi + pj 6= 0 as
FQ = 2
∑
ij
|〈i|∂ω0ρ|j〉|2
pi + pj
= N2r2N
[ |∂θ(ln r)|2
1− r2N + |∂θϕ|
2
]
(6)
where we have used p0,1 = (1± rN )/2 and |0, 1〉 = (|0〉 ±
eiNϕ|1〉)/√2. Comparing FI and QFI in Fig. 2(b), we can
achieve the optimal FI and QFI as we carefully choose θ → 0:
Fo ≡ lim
θ→0
FQ = [(1− η)N + 1/2]2 + η(1 − η)N (7)
where for large N , we obtain that Fo → [(1 − η)N +
1/2]2. Therefore, with the two-step adaptive method based
on Bayesian estimation [45], the optimal QFI can be achieved
4with the same measurement on the probe atoms used in the
noiseless case.
Although the lifetime of the Fock state |N〉 is 1/(NΓC),
much less than the cavity damping time TC, the optimal
QFI for this QND strategy decays much slower as shown
in Fig. 2(c). It has been recognized that photon losses in
interferometers gradually blur the gain yielded by the spe-
cial quantum states for parameter estimation; even with the
best strategy, asymptotically the improvement with respect
to standard light sources is not by a scale change but only
by a limited constant factor [12]. Unlike the interferomet-
ric strategy with exotic states, e.g. NOON states, the QND
metrology scheme with Fock state will sustain the quantum
advantage for a longer time than the damping time of Fock
state. For instance, given photon number N = 8 and cav-
ity damping time TC = 0.130 s, the quantum advantage re-
mains until t ≃ 0.172 s for Fo(t) ≥ N + 1/2 and the num-
ber of trials can be m ≃ 2097 for time interval τa = 82
µs. We can also define the average QFI for m trials of mea-
surement as Fa =
∑m−1
i=0 Fo(iτa)/m, with which we can
write the lower bound of estimate accuracy for decoherence
scenarios as δdecθ ≥ 1/mFa. Since we show in Fig. 2(d)
that the quantum-enhanced estimation against decoherence
does not limit the number of measurements to be too small
(m . 8444), we can conclude that this QND metrology
scheme is expected to be robust against the cavity damping.
V. QND METROLOGY IN CASCADED SCHEME
Let us assume that the phase to be estimated lies in the in-
terval θ ∈ [−pi, pi). One common but intractable problem in
the quantum-enhanced metrology is the 2pi/N periodic error
in the estimation of the true phase if Nθ /∈ [−pi, pi) [28, 46].
To address this problem we will next extend the cascaded pro-
tocol reported in Ref. [47] to our QND method. It is realizable
with the help of the mature technology of state control in the
“photon box” [37].
Our cascaded scheme employs L successively larger Fock
states of 20, 21, · · · , 2L−1 photons. We use m Rydberg atoms
as the QND probe for each Fock state. The total resource
used in this cascaded scheme is mN = m
∑L−1
j=0 2
j ≃ m2L.
The interaction with the Fock state consisting of 2j photons
picks up the phase Θj = 2jθ mod [−pi, pi), where j =
0, · · · , L− 1. The real phase to be estimated can be written in
an exact binary representation θ = 2pi
∑L−1
k=1
dk
2k − pi+ ΘL−12L−1 ,
with digits dk ∈ {0, 1}. By distinguishing whether the phase
is shifted by pi or not, we can determine the value of the bit dk
according to the relation dk = [2(Θk−1+pi)− (Θk+pi)]/2pi.
We should note that the rounding error [40] that occurs when-
ever |Θestj −Θj| > pi/2 can be neglected given a large number
of trials m. The last group (j = L − 1) then yields a Heisen-
berg type limited estimate of the parameter with accuracy
δθcas ≥ 1√
m(2L−1 + 1/2)
≃ 2√
m(N + 1/2)
, (8)
which is merely less sensitive by a constant 2 compared with
Eq. (3).
FIG. 3. (color online). Layout of cascaded estimation scheme. In
addition to the QED Ramsey interferometer for phase estimation in
x axis, we need another real-time feedback interferometric setup to
prepare the target Fock state in y axis: R
′
1-C-R
′
2 interferometric ar-
rangement and detector D
′
. The detection results from detector D′
are sent to the computer based controller K. The controller K an-
alyzes each detection result and determines the the real translation
amplitude α applied by actuator A.
To realize this cascaded QND metrology scheme, it is nec-
essary to prepare and lock the field to different photon num-
ber states during each QND measurement. This requirement
can be fulfilled by the real-time quantum feedback techniques
reported in Refs. [34, 40]. The experimental layout of our
proposal is shown in Fig. 3. The layout is supposed to work
in two modes: phase estimation mode and target state prepa-
ration mode. Since only one mode works at the same time,
we need two interferometric setups. In addition to the setup
used for the phase estimation mode, another interferometric
setup is performed to prepare and stabilize the successively
larger target Fock states. The computer based controller K
controls the conversion between those two modes (more de-
tails are shown in Appendix B).
VI. APPLICATIONS
In our scheme, the unknown parameter expressed as
θ(v, z) =
√
2piΩ20w cos
2(ωCz/c)/vδ is determined by the
atom velocity v and the position z in the cavity C, see Ap-
pendix A for more details. Here, we use the cylindrical co-
ordinates (R, z), c is the speed of light in vacuum, w is the
waist at center (0, 0) and Ω0 is the vacuum Rabi frequency
at center. Therefore, this high precision quantum-enhanced
measurement can be used to detect and measure the mini-
displacement of the cavity C along z axis. On the practical
perspective, a high sensitivity in θ leads to the high sensitivity
in the displacement z when we measure the small displace-
ment around the maximum slope point z = cpi/(4ωC). The
accuracy can be obtained by straightforward error propaga-
tion,
δz =
δθ
|dθ/dz| ≥
z0√
mN
(9)
where z0 = δvc/(
√
2piΩ2wωC). Using the current labora-
tory parameters shown in Sec. III and Ω0/2pi = 49 kHz,
5w = 6 mm and δ/2pi = 245 kHz in Ref. [34], one obtains
that δz & 0.252/(
√
mN) mm. With m = 1000 and N = 8,
the sensitivity is δz & 0.997 µm and it can be improved by
reducing the atom-cavity detuning and velocity of atom or in-
creasing N and m. However, these methods for improvement
may seem challenging in the real experiment, for instance,
reducing the wavelength of the light in the cavity will then
make it difficult to place the atoms at the maximum slope
point. Although this sensitivity by now seems several orders
of magnitude worse than the sensitivity needed for gravita-
tional wave observation, our scheme will inspire future exper-
iments demonstrating quantum-enhanced metrology and may
be helpful to prospective applications in other experimental
platforms.
VII. DISCUSSIONS
In this Letter, we have presented an experimental proposal
for estimating an unknown parameter in “photon box” by us-
ing the method of QND measurements. We have shown that
initially with Fock state of N photons, the 1/N scaling ac-
curacy of the estimation can be achieved. Moreover, we do
not need to prepare m copies of initial state as other metrol-
ogy schemes, which will give a 1/
√
N advantage compared
with the scheme using NOON states when the total resource
is taken into consideration. We also show that this sub-shot-
noise estimation scheme is robust against cavity damping.
The feasibility of our scheme can be met by the current lab-
oratory achievements and it can be improved via a cascaded
scheme to overcome the 2pi/N periodic error. Furthermore,
this proposal with the help of QND measurements will also be
an inspiration to other experimental platforms [48] for quan-
tum metrology and quantum information techniques. In addi-
tion, our results should be of broad interest as many applica-
tions, such as clock synchronization and phase imaging. Since
generating and using the NOON states with more than 3 pho-
tons [18] for quantum metrology is still an arduous task, re-
searchers have been able to generate Fock state with 7 or even
more photons in the cavity. That is to say if our scheme can
be realized in the experiments, it will be a great advance in the
research area of quantum metrology and quantum physics.
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Appendix A: Atom-Light Interaction in Cavity
We describe in this section the interaction between the Ry-
dberg atom and photons in the cavity in a concise form. This
simple case will provide us the phase shift linearly given by
per photon.
The interaction can be described via the Hamiltonian of
Jaynes-Cummings model [49]
Hˆ
~
=
ωσˆzP
2
+ ωC
(
aˆ†aˆ+
1
2
)
+ g(aˆσˆ+P + aˆ
†σˆ−P ) (A1)
where aˆ (aˆ†) is the photon annihilation (creation) operator in
the cavity C. Let the cavity C contain n photons. For large de-
tuning frequency, the atom-field states |0, n〉 and |1, n〉 evolve
into dressed states and are shifted in angular frequency units
by [50]
∆(r, n) ≃ ~(n+ 1/2)Ω2(r)/δ. (A2)
where Ω(r) = Ω0 exp(−R2/w2) cos(ωCz/c) is the vac-
uum Rabi frequency following the Gaussian distribution
at cavity center z = 0; here we use cylindrical coor-
dinates (R, z) where z is the position of the atom along
the beam axis. c is the speed of light in vacuum, w is
the waist at center (0, 0) and Ω0 is the vacuum Rabi fre-
quency at center. The difference of the phase imprinted on
atomic states should be expressed as (n + 1/2)θ(v, z) where
θ(v, z) =
√
2piΩ2(0)w cos2(ωCz/c)/vδ with w the waist
at center and v the atom velocity. Therefore, the interac-
tion between the probe atom and photons can be expressed
with the parameter θ(v, z) as a unitary operator: UˆSP (θ) =
exp [iθ(nˆS + 1/2)σˆ
z
P /2] to the lowest order for large detun-
ing frequency. The value of the parameter θ(v, z) is deter-
mined by the atom velocity and the position in the cavity C,
which will be of great value in scientific and engineering ap-
plications.
Appendix B: Preparation of Fock States and Cascaded Scheme
In this section, we review two different methods of prepara-
tion of Fock state in the “photon box”. The stochastic method
is expected to require less equipments and be suitable for a
demonstrative experiment of quantum-enhanced metrology.
The deterministic method needs additional experimental de-
vices and is able to generate a Fock state with on-demand
photon number, which is helpful to the cascaded strategy.
1. Stochastic Approach
We start with |ψ〉S =
∑
n cn|n〉 and set the interaction
parameter θs at an appropriate and definite value such that
p(i|n) 6= p(i|n′) for all possible photon number n 6= n′,
where p(i|n) = cos2[(n + 1/2)θs/2 − (i − 1)pi/4]. Sup-
pose that M atoms cross the R1-C-R2 interferometric layout
and are measured with operator σz . The sequence of measure-
ment results forM probe atoms, called a event, is expressed as
ωM = (i1, · · · , iM ), where iµ = 1,−1 and µ = 1, 2, · · · ,M .
The photon number distribution of the final state in C can be
calculated as
P (n|ωM ) =
|cn cosη[(n+ 12 )θs/2] sinξ[(n+ 12 )θs/2]|2
Z(ωM )
,
(B1)
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FIG. 4. (color online). Numerical simulation of the indirected measurement procedures. For each simulation, the convergence event is obtained
via Monte Carlo method and considers totally 100 atoms. The state of light in the cavity is initially chosen as a coherent state |√3〉S . M
is the number of atoms interacting with the light in the cavity, n represents the photon number and P (n|M) denotes the photon number
probability distribution after the M th atom flies through the cavity. The 2D diagram shows the detection result of M atom in the sequence.
Two parameters are considered: θ(1)s = 0.6 for (a) and (b); θ(2)s = pi/3 for (c) and (d).
where Z(ωM ) =
∑
n |cn cosη[ (n+1/2)θs2 ] sinξ[ (n+1/2)θs2 ]|2;
η and ξ are the number of 1 and −1 in the event ωM , re-
spectively. It has been proved in Ref. [39] that (i) this pho-
ton number distribution converges as M becomes infinity:
limM→∞ P (n|ωM ) = δn,N , (ii) the probability for the state
in cavity converges to a Fock state |N〉 is |cN |2, and (iii) the
convergence for δn,N is exponentially fast. Therefore, we can
obtain a single mode Fock state |N〉 by this approach with
probability |cN |2 when M is large enough. The final photon
numberN can be determined via analyzing the spin measure-
ment results of the probe atoms ωM . After generating a Fock
state of a nonzero and known photon number, we can perform
the parameter estimation without adjusting the experimental
apparatus.
Most commonly the initial state of the light in cavity C is
a coherent state |ψ〉S = |α〉S . The QND measurement pro-
cedures are numerically simulated via Monte Carlo method
and plotted in Fig. 4. We observe the converging events of
different photon numbers in Fig. 4(a) and 4(b). In Fig. 4(c)
and 4(d), we present the situation that the special condition
q(i|n) = q(i|n′) is saturated and the convergent states are
superposed Fock states. We also numerically simulate the
probability for the coherent state converging to a Fock state,
in Fig. 5, which conforms with the experimental results in
Ref. [38].
The average Fisher information for all possible Fock states
from the initial coherent state |α〉 can be written as
Fα =
∞∑
i=0
e−n¯
n¯i
i!
(
i+
1
2
)2
=
(
n¯+
1
2
)2
+ n¯ (B2)
which leads to the Heisenberg-type lower bound: δcohθ ≥
1/[(n¯+ 1/2)2 + n¯]. Instead of the coherent state, an effi-
cient method for improving this strategy is to use the squeezed
state |α, ζ〉S which may be generated by first acting with the
squeeze operator Sˆ(ζ) on the vacuum followed by the dis-
placement operator Dˆ(α) [51]. We can obtain via squeezed
state a higher success rate for generating a useful Fock state
for sub-shot-noise metrology due to its super-poissonian and
narrower photon number statistics, see Fig. 5.
2. Deterministic Approach
In order to prepare and lock the field to different photon
number states during each QND measurement, it is neces-
sary to use real-time quantum feedback techniques reported
in Refs. [34, 40] to fulfill this requirement. The experimental
layout of our proposal is shown in Fig. 3 in the main text. In
addition to the estimation interferometric setup (x direction)
shown in Fig. 3, a quantum feedback setup is put in the y di-
rection: another atom source S′ generates test Rydberg atoms,
and two auxiliary cavities R
′
1 and R
′
2 act as two Hadamard
gates. The information on the interaction between the test
atom and the field is assumed to be known. The measurement
results of the test Rydberg atoms obtained by detector D′ are
sent to the computer based controller K. By analyzing each
detection result, the controller K updates the photon distribu-
tion p(n) = |cn|2 and controls actuator A to feed cavity C by
diffraction on the mirror edges [34]. The controller K analyzes
each detection result to determine the real translation ampli-
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FIG. 5. (color online). Reconstructed photon number distribution
for coherent state and squeezed state. Photon number distributions
for coherent state (CS) |√3〉S and squeezed state (SS) |
√
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are plotted by dashed blue line and dash-dotted magenta line, re-
spectively. 4000 convergence events are simulated to figure out the
photon number distribution probability numerically.
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FIG. 6. (color online). Probabilities of ρexactS and ρS against time for
photon number N = 8. Solid lines are for ρexactS and dashed lines are
for ρS . Inset: Fidelity of ρexactS and ρS against time.
tude α applied by actuator A which minimizes the distance
d(ρˆt, Dˆ(α)ρˆDˆ
†(α)) [34] between the target ρˆt = |nt〉〈nt|
and the field estimation ρˆ. Here Dˆ(α) is the displacement
operator. When the controller K finds that α → 0, it stops
atom source S′ and the target Fock state has been prepared.
It is reported that Fock states with photon numbers nt up to
7 can be prepared with number photon number distribution
peaked p(n) = 0.8 ∼ 0.9 [40]. Then, controller K activates
another atom source S and m probe states are sent and de-
tected to estimate the unknown phase. We will next show that
this technique based on real-time quantum feedback is also
necessary to realize the cascaded scheme [47].
3. QND Metrology in Cascaded Scheme
One common but intractable problem in the quantum-
enhanced metrology is the 2pi/N periodic error [46] in the
estimation of the true phase if Nθ /∈ [−pi, pi). This problem
can not be settled by simply adding an ancillary phase so that
the cascaded protocol is proposed to solve it. To realize the
cascaded QND metrology scheme, it is necessary to prepare
and lock the field to different photon number states during
each QND measurement.
The first target state starts with nt = 20 for ρˆt = |njt 〉〈njt |.
When the target Fock state njt = 2j for j = 0, · · · , L − 1
has been prepared, controller K activates another atom source
S and m probe states are sent and detected to estimate the
unknown phase with value Θj . After the estimation using this
Fock state |njt 〉 is finished, controller K activates the feedback
setup and the target state is changed to the next Fock state
|nj+1t 〉. The last target Fock state that we consider has nmaxt =
2L−1 photons. When all Θj for j = 0, · · · , L − 1 have been
obtained, we can calculate digits dk for k = 1, · · · , L− 1 and
retrieve the true value of phase θ within a accuracy presented
in Eq. (8).
As a brief summary, the layout is supposed to work in two
modes: target state preparation mode and phase estimation
mode. Since only one mode works at the same time, we need
two interferometric setups. In addition to the setup used for
the phase estimation mode, another interferometric setup is
performed to prepare and stabilize the successively larger tar-
get Fock states. The computer based controller K controls the
conversion between those two modes.
Appendix C: Approximation in QND Metrology with Cavity
Damping
The exact solution of the master equation (4) in the main
text can be expressed by the density operator: ρexactS (t) =∑
n qn(t)|n〉S〈n| with probabilities [52]
qn ≃
∑n
k=0
(
N
k
)(
n
k
)
nn−kb (1 + nb)
N−kηk(1− η)N+n−2k
[1 + nb(1− η)]N+n+1 .
(C1)
In recent experiments [37], the mean number of blackbody
photons nb ≃ 0.05 ≪ 1 at 0.8 K. Thus, we simply choose
nb = 0 with N ≤ n and use an approximate solution
ρS =
∑N
k=0(
N
k )(1 − η)kηN−k|k〉S〈k| to calculate the noisy
case with cavity damping. In Fig. 6, we compare the prob-
abilities of these two states against time for photon number
N = 8; solid lines are for ρexactS and dashed lines are for ρS .
We also show in the inset figure of Fig. 6 that the fidelity of
these two states ρexactS and ρS against time is always larger than
0.99. Therefore, this approximation with which we can obtain
a analytical result of Fisher information and quantum Fisher
information is proper.
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